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The Pople-Karasz theory of order-disorder transition is extended from single- to m u l t i - c o m p  
nent mixtures of symmetric, rod-like molecules. A set of equations which determine the orienta- 
tional and the positional order parameters of all componentsare derived. Thermodynamic quan- 
titiessuch as the pressuieand theentropyofthemixturesareobtained as functionsofthe volume, 
the temperature and the mole fractions of the components. 

This theory isapplied to investigations of binary mixtures of nematogens. It is shown that the 
phase diagrams are strongly affected by the interaction energy between molecules of different 
kinds. 

1 INTRODUCTION 

in  most cases the nematic liquid crystals which are applied t o  display devices 
are mixtures of more than two nematogens. Therefore, it is interesting and 
important not only from the viewpoint of fundamental studies on molecular 
interaction but also from the viewpoint of application to investigate the mole 
fraction dependence of the properties of multi-component mixtures. 

Recently, orientational properties of dichroic dye molecules in nematic liq- 
uid crystals have been actively investigated in connection with application to 

t Presented at the Eighth International Liquid Crystal Conference, Kyoto, July 1980. 
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58 [I3361 T. AKAHANE and T. TAKO 

guest-host type display devices. These types of mixtures, i.e., mixtures of nem- 
atogens and non-nematogens, also exhibit nematic phase. 

Theoretical understanding of the multi-component orientational system 
seems to be not enough to date. Humphries, James and Luckhurst have ex- 
tended the Maier-Saupe theory ofthe nematic mesophase to multi-component 
systems.’ They have investigated the nematic-isotropic transition temperature 
of binary mixtures of nematogens and mixtures of a nematogen and a non- 
nematogen. Another approach is based on the lattice model.’ Peterson, Mar- 
tire and Cotter have studied a binary mixture of hard rods of different length.3 
This corresponds to a binary mixture of nematogens. d;gren and Martire have 
investigated a binary mixture of hard rods and hard cubes.4 This corresponds 
to a binary mixture of a nernatogen and a non-nematogen. 

These two approaches take only the orientational order into account. 
Therefore, we can not discuss the solid-nematic transition properties by these 
approaches. 

The simplest approach that contains both of orientational and positional 
order is the Pople-Karasz theory.’ In the present paper, we will extend this 
theory from single- to multi-component mixtures of symmetric rod-like mole- 
cules in Section 2. The formulated equations will be applied to the investiga- 
tion of binary mixtures of nematogens in Section 3. In Section 4, the limita- 
tions of this theory are discussed. 

2 EXTENSION OF POPLE-KARASZ THEORY TO 
MULTI-COMPONENT MIXTURES 

In this section, the Pople-Karasz theory of positional and orientational order- 
disorder transition is extended from single- to multi-component mixtures of 
symmetric, rod-like molecules. 

Let us consider K-component molecular system. If the total number of 
molecules is n, the number of the I-th component is nr and the mole fraction of 
the I-th component is C I ,  we obtain 

nI = n c I ( I =  1,2, . . . , K )  

where 
K 

CCl = 1. 
I= I 

Following the method of Pople and Karasz, we can split the Helmholtz free 
energy A into two parts as 

A = A’ + A ” .  (3) 
The first part A ’  gives the contribution of the completely ordered system, 
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ORDER-DISORDER TRANSITIONS [I3371 59 

whereas thesecond partA”gives thecontribution due to  thedisorderingofthe 
positions and orientations of the molecules. 

2.1 Calculation of A’ 
Lennard-Jones and Devonshire6 derived the thermodynamic functions of a 
liquid (or dense gas) in terms of intermolecular forces using the cell model (or 
free volume theory). Wentorf et a/.’ developed this theory, calculated several 
thermodynamic quantities such as pv/nkTand compared theoretical results 
with experimental results on argon, nitrogen and hydrogen. Their calculation 
of A’ was employed by Pople and Karasz. 

Now, we must extend this theory (Lennard-Jones and Devonshire, Bentorf 
et d.) to multi-component systems. The extension is rather tedious but 
straightforward, so we describe the outline only briefly. 

The interaction energy between an I-molecule and aJ-molecule can be rep- 
resented by the Lennard-Jones type potential: 

Here r is the separation of molecules, tOIJ is the maximum energy of interac- 
tion, and roll is the value of r for which + I J  = 0. 

If the number of nearest neighbors is zI and the distance between nearest 
neighbors is a, the averaged potential of an I-molecle within a cell can be writ- 
ten as 

where r is thedistance from theequilibrium position a n d y  = r2/a2.  In Eq. ( 5 ) ,  
we considered f.c.c. lattice and the total volume of the system, v, is equal to 
n a 3 / f i ,  and VOIJ = n r i ~ ~ .  In the nearest neighbor approximation (Lennard- 
Jones and Devonshire), 

and up to the third neighbor approximation (Bentorf et a/.), 

(7) 
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60 [1338] T. AKAHANE and T. TAKO 

where 

I ( ~ )  = ( 1  + 12y + my2 + 12y3 +y4)(1 -y)-I0 - 1 ,  
(8) 

m ( y )  = ( 1  + y ) ( l  -y) -4 - 1. 

In the following calculation, we use Eq. (7). 
The partition function of an I-molecule is given by 

f r ( T )  = (27rm1kT)"*h-~ 4rr2 exp{-[$,(r) - t,hI(0)]/kT}dr 

C I ~ J  
yl" exp -c - [ ( z ) l L ( y )  V 

6'" 
= 1'' 1 ,:I kT 

where mr is the mass of an I-molecule, k is Boltzmann constant, h is Plank 
constant, AIJ = Z I E O I J  and 

t = ( % ) 3  = 0.55267. 

The total energy when all molecules are at  equilibrium positions is given by 

where 

In Eq. (1 I), p = q = 2 when only nearest neighbor interactions are consi- 
dered, and p = 2.4090, q = 2.0219 when other interactions are taken into 
account. 

The partition function of the total system is 

Then, the Helmholtz free energy is given by 
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ORDER-DISORDER TRANSITIONS [I3391 61 

where 

(14) 
In fl( T) = In ( lrmlkT h2 ) -t In (2  lr T) fi 4- In gl 

2 

and 

Equation (13) reduces t o  the Lennard-Jones and  Devonshire's (or Bentorf 
et d.) equation for single-component system. I t  must be noted here that Eq. 
(13)  [or Eq. (12)] does not contain the contribution of the entropy of mixing. 
This contribution will be included in A". 

2.2 Calculation of A" 
Let us consider n normal a-sites and  n interstitial p-sites. We suppose that the 
system is a solid state (at zero temperature) if all molecules occupy a-sites (or 
p-sites), and it is a liquid state if a half occupy a-sites and  the other half occupy 
p-sites. Further, following the Pople and Karasz's model, we assume that the 
molecules take two kinds of orientational state 1 and 2 on each site. We sup- 
pose that the orientational order is perfect if all molecules a re  in 1-state (or 
2-state) and there is no orientational order if a half are in 1-state and  the other 
half are in 2-state. These two states must not be considered t o  correspond t o  
up  and  down directions because in liquid crystals these two directions are 
equivalent. We regard these two states as two mutually perpendicular direc- 
tions in the two-dimensional space. An extension of the treatment t o  more 
than two discrete orientations a re  possible' (for example, three mutually per- 
pendicular orientations in the three-dimensional space), but we adopt the 
original Pople-Karasz's model for our preliminary study on  mixtures. 

After all, it is possible for each molecule to take four kinds of state, a ~ ,  a2, PI 
and p ~ .  Each @-site is supposed to  be surrounded by zequivalent neighboring 
p-sites and  each p-site by z a-sites. We also write z' for the number of a-sites 
(8-sites) closest to any given a-site (p-site). 

We assume that there is a positional repulsive force between a-/3 neighbors 
and  also an orientational repulsive force between a1-a2 neighbors or PI-PZ 
neighbors. Then, the interaction energy between neighboring molecutes (one 
is an  I-molecule on  (-site in i-orientational state and  the other is a J-molecule 
on v-site in j-orientational state) can be written as 

wI(r.Jv, = wIJ( 1 - 6tq) + w l J 6 f &  1 - 6,) (16) 

where W1, is the positional repulsive energy, Wl, is the orientational repulsive 
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energy and 

T. AKAHANE and T. TAKO 

Z , J =  1,2,. . . , K  
5 9 1 7  = a,P 
i , j  = 1,2. 

Here, it must be noted that WIJand WIJare not necessarily repulsive energies, 
that is, they are energy differences between unfavorable pairs and favorable 
pairs. 

If N16i:JqjiS the number of neighboring pairs between Zli-molecules and J 7 j -  
molecules, the partition function of this system is given by 

z = F ( T ) R ( T )  

J.VJ 

where F (  T) is the partition function of the completely ordered system ob- 
tained in section 2.1 and a( T) is the contribution due to  disordering of the 
positions and orientations of the molecules. The symbol 2' means the summa- 
tion over all configurations. 

We can evaluate R by Bragg-Williams approximation. Let r lbe the fraction 
ofZ-molecules on a-site and arthe fraction of I-molecules with 1-orientational 
state. Then, the number of I-molecules in ti state, n,,, is given by 

nioi = n i T i a / ,  

nlo2 = n m (  1 - ad,  
nlpl = nl(1 - T I ) U I ,  

= n d l  - T I ) ( ~  - all. (18) 
The configurational partition function can be written as a sum of a( { T I } ,  

{ a l } ) ,  the partition functions for given ( T I }  and (a/}, as 

IrlllaA 

where { T ~ )  is the abbreviation of 71, T2, . . . , TK and {UI}UI, (12, . . . , U K .  In 
Eq. (19L ~ ( { T I } , { U I ) )  is given by 

Where C (r l l lal l  means the summation over the configurations for given ( T I }  

and { a I } .  
According to the Bragg-Williams approximation, we replace the exponent 

in Eq. (20) by its average value. Then, the summation reduces to the multipli- 
cationof 7 ( { r 1 } , { u , ] ) ,  thenumber oftermsforgiven { ~ ~ J a n d  {a~].Therefore,  
Eq. (20) reduces to 

n ( { T l } , { U / } )  = r ( ( T l ) , ( U l } )  e x p [ - Z  wlti:Jq,fl/ti:Jqj/kT] (21) 
1.t.i 
J.?J 
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ORDER-DISORDER ,TRANSITIONS [I3411 63 

where flIc,;.,?jis the average number ofZ@-JVjneighbors for given { T I }  and {a ] } .  
In Eq. (21),  y ( { ~ ~ ) , { a ~ )  is given by 

I =  1 

As the pair interaction energy is given by Eq. (16), the exponent in Eq. (21 )  
reduces to 

Substituting Eqs. (22 )  and (23)  into Eq. (21 )  and using Stirling’s theorem, we 
obtain 

K 
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64 [1342] T. AKAHANE and T. TAKO 

Applying equilibrium condition, 

aw a. 
aTI  aal 
-=-- - 0, 

we obtain 

I= I 

Equations (25) and (26) are 2Ksimultaneous equations of 2Kunknowns, {TI) 
and ( a t ] .  When K = 1 (single-component), they reduce to the equations ob- 
tained by Pople and Karasz. 

Now, let us define the positional and orientational order parameters by 

1-22Tr- 1 ,  I" SI = = 2ar - 1. 

Perfect order corresponds to Q ,  = S I  = 1 and complete disorder to Q I  = 
S I  = 0. Substituting Eq. (27) into Eqs. (25) and (26), we obtain, 

K 

(1  -' - 

Apparently, QI = SI = 0 (I = 1, 2, . . . , K), i.e., isotropic Liquid phase, is 
always a solution of Eqs. (28) and (29). 

The nematic phase corresponds to Q I =  0 and S I  # 0. Eq. (28) is always 
satisfied by QI = 0 (I = 1, 2, . . . , K). Then, SI  is determined from 
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ORDER-DISORDER TRANSITIONS [I3431 65 

The plastic crystal phase corresponds to SI = 0 and QI # 0. Eq. (29) is al- 
ways satisfied by S I  = 0 ( I  = 1,2, . . . J). Then, QI is determined from 

K 

J= I 

The ordinary solid phase corresponds to Ql, SI # 0. Which phase is realized 
depends on which phase minimizes the Helmholtz free energy A" given by 

K 
- A " - - 

nkT I= I 

= -n-l In R = C CI In CI 

I - Q I  1 - Q i  I 1 + S 1  ~ + S I  ~ - S I  1 v - 1  
2 2 2 2 2 2 

+- In - In-+- In -1 

That depends on ZwIJ/kT, iWIJ /kT and C I .  

2.3 Thermodynamic quantities of the system 

Using the Helmholtz free energy A derived in section 2.1 and 2.2, we can calcu- 
late the thermodynamic quantities of the system. Here, we derive the pressure 
and the entropy explicitly. 

The pressure of the system is given by 

p = - = - (!x)r - (%) = p' + (33) 
T 
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Using Eq. (13), we obtain 

T. AKAHANE and T. TAKO 

where 

and 

- 2 ( y ) 2 M ( y ) ] ] d y .  (36) 

To evaluatep”, it is necessary to specify the dependence of WIJ and W‘;Jon 
volume v. Pople and Karasz assumed W = Wo (vo /v )~  for their study on plas- 
tic crystals. Later, Chandrasekhar et aL9 pointed out that in the case of liquid 
crystals for which the orientational barriers are large, the assumption of 
W = WO ( v o / v ) ~  and W‘ = W‘O ( v ~ / v ) ~  reproduces the experimental results 
better than the Pople-Karasz’s assumption. Therefore, we also assume that 
WIJ = WoIJ(~oIJ/v)~and w;, = Wb,J(vOIJ/v)3. Then, from Eq. (32), we obtain 

+-- z’W;J CICJ( 1 + QIQJ)( 1 - SISJ) ] .  (37) 
8 kT 

The parameter WoIJand the parameter E O I J  in Eq. (4) are not independent be- 
cause they come from the same origin. Bentorf et al. determined the ratio 
WO/EO = 0.977 so as to reproduce the correct melting temperature of argon. 
Therefore, we also take WOIJ/EOIJ = 0.977. 

The entropy of the system is given by 

s = - -  (aaAT)r - (yJv - (%)v = S‘ + S ” .  
(38) 
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ORDER-DISORDER TRANSITIONS 

Using Eq. (13). we obtain 

[I3451 67 

where 

and 

From Eq. (32), we obtain 

-=-C S“ K cI In cI - [ cdl Q i ) ]  [ cd1 Q I ) ]  

nk I= I I= I I =  I 

l + S I  1+SI 1-Sr 1-SI  
2 2 2 2 

+-In-+- In -1. (41) 

The first term of the right hand side of Eq. (41) is the entropy of mixing. 
Using Eq. (34) and (37),  we can obtain the isotherm of the system, that is, if 

the interaction parameter eOrJ, WOIJand the mole fraction Clare given,p can be 
calculated as a function of v with T a s  a parameter. Actual procedure of nu- 
merical calculations are rather complicated and tedious. In the following, we 
only discuss special examples of binary mixtures of nematogens. 

3 PHASE TRANSITION OF BINARY 
MIXTURES OF NEMATOGENS 

In  this section, the theory derived in section 2 is applied to the investigation of 
binary mixtures of A and B components. 
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68 113461 T. AKAHANE and T. TAKO 

First, let us investigate the isotherm ofthis system. The parameters involved 
in thecalculations ofp’are E O A A ,  eoaa, COAB, VOAA, voaa, voAaand CA (mole frac- 
tion ofA component). Therefore, in general case, the calculation is very com- 
plicated. So, we restrict the investigation to thecase where ~ O A A  = eoaa = EOAB 

= EO and VOAA = Voaa = VOAB = VO. In this case, Eqs. (34), (35) and (36) reduce 
to thosecalculated by Bentorfet al. Then, we can calculatep’vo/nkTas a func- 
tion of (v/vo) with kT/eo as a parameter uniquely. 

The parameters involved in the calculation ofp” other than those involved 
in thecalculationofp’are WOAA, woaa, WOAB, W‘OAA, Woaaand W O A B .  But, as 
mentioned in section 2.3 ( WOIJ/~OIJ = 0.977, we must put WOAA = Woes = 
W O A B  = 0.977~0. Therefore, only four parameters W ~ A A ,  Woaa, WbAaand C A  

are left free to be given. Among them W ~ A A  and WoaBare determined by the 
properties of single-component systems. Therefore, the parameters that are 
necessary for the investigation of the effect of mixing are only WOABand C A .  

Now, let us introduce parameters defined by 

p p  WOAA/WOBB, u p  3 WoAa/Woea. 
PO W ; ) A A / W O B B ,  YO w O A B / W O B B ,  (42) 

K Ka z’Wos~/ZWoe~, K A  $WOAA/ZWOAA = Kpo/pp. 

The parameters KBand K A  are measures ofthe relative barriers for the rotation 
of a molecule and for its diffusion to an interstitial site in pure B-molecule sys- 
tem and pure A-molecule system, respectively. These parameters determine 
which phases appear in pure A-molecule system or pure B-molecule system. 
Chandrasekhar et U I . ~ ~ ’ ~  have shown that when K (in their paper, it is denoted 
by v instead of K) is greater than 0.975, nematic phase appears as an interme- 
diate phase between the solid phase and the isotropic liquid phase. 

In the restriction stated above ( WOAA = Woe, = WOAB), we must put p, = 
up = 1. The parameters poand u ~ a r e  the relative orientational barriers ofA-A 
pairs and A-B pairs with respect to B-B pairs. If we give K(GKB) and po, K A  is 
determined uniquely. Therefore, if we give the values of K, ,uo, vo and cA (pp = 
up = 1). we can calculate an isotherm, i.e.,pvo/nkTas a function of v/vo with 
kT/eo as a parameter. 

Figure 1 shows an example when K(EKa) = 1.15, pp = vp = 1, po = 1.1, 
uo = CA = 0.5 and kT/eo = 0.66. In this case, KA = 1.265. So, both of A 
and B are nematogens. The sigmoid portions in Figure 1 correspond to phase 
transitions, i.e., the two phases will be in equilibrium at a given pressure and 
temperature when the areas enclosed by the curve above and below the pres- 
sure line are equal (Maxwell’s equal-area rule). In Figure 1, C (V/VO = 1.056, 
pvo/nkT = -0.128) corresponds to a solid ( Q A  = 0.930, Q a  = 0.930, SA = 
1.000,Sa = l.OOO)andE(v/vo = 1.300,pvo/nkT = -0.128)corresponds toa 
nematic phase ( Q A  = Q B  = 0, SA = 0.690, S g  = 0.669). Therefore, C and E 
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Volume: V / V ~  
FIGURE 1 
and kT/eo = 0.66. 

Theoretical isotherm of the binary mixture ofA-and B-nematogens whenc” = 0.5 

are in equilibrium at a pressure pvo/nkT = -0.128. Also, we find that a ne- 
matic phaseF(v/vo = 1.334, Q A  = Q B  = 0, S A  = 0.567, S s  = 0.546) and an 
isotropic phase (v/vo = 1.394, Q A  = Q B  = SA = S B  = 0) are in equilibrium 
at a pressure pvo/nkT = -0.203. 

By changing a temperature, we can obtain the pressure dependence of phase 
transition temperature. An example is shown in Figure 2 when K = 1.15, p, = 
up = 1, po = 1.1, Y O  = G a n d  C A  = 0.5. From this figure, we can determine 
the phase transition temperature at zero pressure. The solid-nematic transi- 
tion temperature is kT/eo = 0.6668 and the nematic-isotropic transition 
temperature is kT/cO = 0.6783. Figure 3 shows the temperature dependence 
of order parameters at zero pressure. At the solid-nematic transition tempera- 
ture, Q A ,  Q B ,  SA and S B  change discontinuously ( Q A  = 0.928 - 0, Q B  = 
0.928 - 0, SA = 1.000 - 0.71 1, SB = 1.000 - 0.690). Also at  a nematic-iso- 
tropic transition temperature, SA and SBchange discontinuously ( SA = 0.482 - 0, SB = 0.463 - 0). Both transitions are first order. 

By changing the mole fraction of A molecules (cA),  we can construct a 
phase diagram of the binary mixture ofA molecules and B molecules. Figures 
4 and 5 show these phase diagrams with YO as a parameter. The parameters K ,  

p,,, up and po are kept constant in these calculations. The phase diagrams are 
very sensitive to the value of YO. 
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FIGURE 2 Pressure dependence of the phase transition temperatures f rom the solid solution 
to the nematic solution and f rom the nematic solution to the isotropic solution when c A  = 0.5. 

Figures 6and  7 show mole fraction dependence of phase transition temper- 
atures from a nematic solution to  an isotropic solution, and from a solid solu- 
tion to a nematic solution, respectively. These are not linear t o  C A  in general. 
Only when YO = 6, the phase transition temperature changes almost line- 
arly to C A .  Strictly speaking, we can show that the transition temperature 
changes linearly to CA only when up = fi = 60 and pp = PO. 

The condition YO = JC(0 corresponds to  WAB = (WAR W‘BB)’’~. Therefore, 
when the orientational interaction energy between an A-molecule and a B- 
molecule is geometric mean of the orientational energies between A-molecules 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

3:
06

 2
3 

Fe
br

ua
ry

 2
01

3 



ORDER-DISORDER TRANSITIONS [I3491 71 

-66 0 -67 * 68 69 
Temperature: k T/Eo 

FIGURE 3 Temperature dependence of order parameters at zero pressure when ca = 0.5. 
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Phasediagramsofthe binaryrnixturesofA-andB-nematogenswhenvo = ] . I , &  
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PhasediagramsofthebinarymixturesofA-andB-nematogenswhen YO = 0.9and 

and B-molecules, the clearing temperature of the binary mixture depends line- 
arly on the mole fraction of A-molecules. Humphries et al.' also derived this 
result by extending the Maier-Saupe theory to binary mixtures. 

In Figure 8, the volume changes at phase transition points are shown. Also 
these values are affected by the values of YO. Using eq. (41), we can calculate 
the transition entropy. It is shown in Figure 9. 

4 DISCUSSION 

Numerical calculations given in section 3 implicitly assume that the compo- 
nents of mixtures are mutually soluble at any mole fractions because of the 
assumption of w A A  = e O B B  = E O A B  = t o .  I t  has been known that in the iso- 
tropic and nematic phase many binary mixtures of nematogens show this sol- 
ubility. This perfect solubility, however, is not true in the solid phase. Smith 
er al." observed a solid solution in MBBA-EBBA mixtures. But, it seems that 
the binary systems of nematogens that constitute a solid solution are rather 
rare. 
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FIGURE 6 Mole fraction dependence of the clearing temperature. 
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FIGURE 7 Mole fraction dependence of the melting temperature. 

To study the solubility problem, we must treat more general cases where COAA.  

Coreand toABtake different values from each other. In such cases, numerical 
calculations based on the model stated here become very complicated, but 
they are still possible. This problem will be studied in near future. 

5 CONCLUSION 

The Pople-Karasz theory was extended from single- to multi-component mix- 
tures of symmetric, rod-like molecules. A set of equations which determine the 
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FIGURE 8 Mole fraction dependence of the volume changesat phase transition temperatures. 
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orientational and positional order parameters of all components were de- 
rived. Thermodynamic quantities such as the pressure and the entropy of the 
mixtures were obtained. 

This theory was applied to investigations of binary mixtures of nematogens. 
It was shown that the phase diagrams, i.e., mole fraction dependence ofphase 
transition temperatures from the solid solution to the nematic solution and 
from the nematic solution to the isotropic solution are strongly affected by the 
interaction energy between molecules of different kinds. 
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